





















































































Let	us	consider	a	laminated	beam	of	total	thickness	 (Align	the	equation	with	the	text)and	length	 (Align	the	equation	with	the	text)as	shown	in	Fig.	1.	The	Cartesian	coordinate	system	( (delte	the	space	before	x) )
is	taken	such	that	the	 plane	( ) (Align	the	equation	with	the	text)	coincides	with	the	midplane	of	the	beam,	the	 axis	is	along	the	width	( )	 (Align	the	equation	with	the	text)of	the	beam;	resulting	in	a	beam	domain	
.	The	displacement	vector	is	 and	the	displacement	components	along	each	coordinate	axis	are	designed	by	 .	The	laminated	beam	is	composed	of	
layers	of	different	linearly	elastic	materials,	being	each	layer	orthotropic	in	the	beam	axes.	The	integer	 , (Align	the	equation	with	the	text)	used	as	superscript	or	subscript,	denotes	the	layer	number	from	the	bottom	to
the	top	of	the	beam;	thus	the	 (Align	the	equation	with	the	text)layer	corresponds	to	 and	its	thickness	is	 .
The	one	dimensional	constitutive	equations	of	the	kth	layer	of	an	orthotropic	material	are	given	by
where	 (Align	 the	 equation	with	 the	 text.	 Please	 do	 that	with	 all	 the	 equation	 included	 into	 the	 text)is	 stress	 vector,	 is	 the	 strain	 vector,	 and	 the	 constitutive	 one-dimensional	 laws	 are	 given	by	 the	 elastic	 stiffness
matrix	 for	the	kth	layer.





		 	 		 	 	 	
		 	 		 	 		 	 		 	
	 		 	 		 	 	
		 	
		 	 		 	 		 	
Fig.	1	Multilayered	composite	beam	geometry.
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The	unknown	functions	 and	 in	Eq.	(6)	are	discretized	using	one	finite	element	according	to	the	hierarchical	version	of	FEM	(p-FEM).	The	natural	coordinate	 is	used	along	the	length	of	the	beam,	so	node
1	corresponds	to	 ( )	and	node	2	corresponds	to	 ( ).	The	proposed	one	–	dimensional	approximation	is	given	by
where	 are	the	number	of	shape	functions;	 are	the	generalized	unknowns	displacements	used	to	approximate	each	kinematic	variable	and	 are	the	shape	functions.
These	shape	functions,	 ,	are	polynomials	expressions	and	they	can	be	classified	in	two	groups	[57],	namely:	nodal	modes	for	 and	internal	modes	for	 .
The	nodal	modes	are	the	classical	support	local	Lagrange	polynomials,	i.e.:
where	 is	the	local	coordinate	of	the	 node.
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Taking	into	account	the	features	of	the	nodal	and	internal	modes,	the	first	two	generalized	displacement	unknowns	are	the	values	of	the	kinematic	variables	at	the	end	nodes,	i.e.: and	 ,	being	 ;
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noded	beam	element	based	on	RZT.	P-version	of	FEM	 is	much	 less	prone	of	 shear	 locking	because	of	 the	 increase	of	 the	number	of	 terms	 in	 the	enrichment	basis	 functions,	 i.	 e.,	p-refinement.	Moreover,	 it	was
theoretically	and	numerically	shown,	that	the	p-version	is	free	of	locking	effects,	if	the	polynomial	degree	is	chosen	to	be	moderately	high.
In	order	 to	show	that	 the	new	PRZ	element	 is	 free	of	shear	 locking,	 the	performance	of	 this	element	 in	 the	analysis	of	a	cantilever	beam	of	 length	 under	an	end	point	 load	of	 value	 (Fig.	3a)	 is





(A)	Non-Symmetric	laminate [mm] 6.66 6.66 6.66
[MPa] 4.40E	+	05 2.19E	+	04 2.19E	+	05
[MPa] 2.00E	+	05 8.80E	+	03 8.76E	+	04
(B)	Symmetric	laminate [mm] 6.66 6.66 6.66
[MPa] 2.19E5 2.19E3 2.19E5
[MPa] 8.76E4 8.80E2 8.76E4
(C)	Non-symmetric	laminate [mm] 2 16 2
[MPa] 7.30E5 7.30E2 2.19E5
[MPa] 2.92E5 2.90E2 8.76E4
(D)	Non-symmetric	laminate [mm] 6.6666 6.6666 6.6666
[MPa] 2.19E5 5.30E5 7.30E5
[MPa] 8.76E4 2.90E2 2.92E2
		 	 		 	






















The	determination	is	made	for	a	thick	beam	( )	and	for	a	thin	beam	( ),	taking	two	different	sections	along	the	beam.	Figs.	5	and	6	show	the	thickness	distribution	of	shear	stresses	 in	sections
located	 at	 distances	 and	 from	 the	 clamped	 end.	 The	 transverse	 shear	 stresses	 computed	 from	 the	 constitutive	 relations	 are	 labeled	 as	 “Present-const”,	while	 the	 shear	 stresses	 computed	 from	 the
equilibrium	equations	are	labeled	as	“Present-equil”.	For	comparison	purpose	two	 profiles	obtained	by	Oñate	et	al.	[42]	have	been	included	in	the	figures.	One	of	these	results	were	obtained	using	a	mesh	of	27,000
four-noded	plane	stress	rectangles	(labeled	as	“PS”)	and	the	other	were	obtained	with	100	linear	two-noded	beam	elements	and	reduced	integration	proposed	by	the	mentioned	authors	(labeled	as	“RI”).







		 	 		 		 	
		 	 		 	
		 	
An	examination	of	the	numerical	results	presented	in	these	figures	shows	that	the	hierarchical	finite	element	developed	with	equal	interpolation	of	all	generalized	displacements	does	not	experience	shear




















5 10 5 10 5 10
(%)
1 13.961 19.044 14.390 15.734 17.446 17.104
2 0.576 0.226 1.161 1.019 4.151 3.918
3 0.168 0.102 0.138 0.271 1.088 1.533
4 0.040 0.043 0.010 0.058 0.232 0.585
5 0.008 0.017 0.001 0.009 0.038 0.203
6 0.001 0.006 0.000 0.001 0.005 0.062
7 0.000 0.002 0.000 0.000 0.001 0.016
8 0.000 0.000 0.000 0.000 0.000 0.004
9 0.000 0.000 0.000 0.000 0.000 0.001




5 10 5 10 5 10
(%)
1 100.372 194.748 45.084 95.026 17.446 49.393
2 8.942 2.563 6.516 14.863 4.151 20.340
3 4.214 5.082 0.870 5.662 1.088 7.196
4 1.306 3.913 0.070 1.445 0.232 1.793
5 0.290 2.178 0.004 0.263 0.038 0.324
6 0.049 0.945 0.000 0.036 0.005 0.044
7 0.006 0.348 0.000 0.004 0.001 0.005
		 	 		 	 		 	
		 	 		 	
		 	
		 	 		 	
		
		 	 		
		 	 		 	
		
		 	 		
8 0.001 0.098 0.000 0.000 0.000 0.000
9 0.000 0.033 0.000 0.000 0.000 0.000




5 10 5 10 5 10
(%)
1 99.924 45.979 43.141 42.285 69.413 64.480
2 17.108 12.346 18.176 18.403 50.243 51.041
3 11.051 9.952 7.225 11.445 32.314 40.928
4 6.091 7.484 0.499 5.972 17.253 30.229
5 2.843 5.167 0.499 2.600 7.638 20.146
6 1.139 3.224 0.097 0.963 2.869 11.941
7 0.397 1.785 0.016 0.309 0.933 6.217
8 0.119 0.843 0.002 0.085 0.261 1.752
9 0.027 0.292 0.000 0.018 0.056 0.896




5 10 5 10 5 10
(%)
1 99.991 95.894 33.693 53.549 176.151 35.364
2 8.925 10.899 2.814 8.625 44.083 13.875
3 4.115 3.166 2.422 5.496 9.007 8.638
4 1.797 4.317 0.180 1.336 1.336 4.114
5 0.942 2.105 0.116 1.022 1.243 3.550
6 0.248 1.353 0.005 0.136 0.134 1.063
		 	 		 	
		
		 	 		
		 	 		 	
		
		 	 		
7 0.119 0.707 0.003 0.103 0.127 1.013
8 0.024 0.458 0.000 0.010 0.009 0.264
9 0.011 0.288 0.000 0.007 0.009 0.256
10 0.000 0.000 0.000 0.000 0.000 0.000
In	Tables	2–5	the	convergence	is	quantified	through	the	relative	error	given	by	the	following	expression
where	 and	y	 are	the	numerical	values	of	the	different	magnitudes	obtained	employing	10	GS	polynomials	and	 ( )	GS	polynomials,	respectively.






section	and	 in	the	next,	 the	beams	are	modeled	with	a	single	 finite	element	with	two	end	nodes,	coincident	with	the	ends	of	 the	analyzed	beams.	The	 internal	or	hierarchical	nodes	depend	on	the	number	of	GS
polynomials	used	in	each	case	and	are	obtained	automatically	(see	Eqs.	(39)–(43)).
7.1	Symmetric	and	antisymmetric	cross-ply	laminated	beams
In	 this	subsection	results	obtained	 for	symmetric	 (0°/90°/0°)	and	antisymmetric	(0°/90°)	cross-ply	 laminated	beams	constituted	by	orthotropic	material	are	presented.	All	 layers	 in	 the	 laminates	have	 the	same	 thickness	 (
),	and	their	material	properties	are: ,	 ,	 ,	 ,	 .where	subscripts	1	and	2	 refer,	 respectively,	 to	 the	 fiber	direction	and	 to	 the
normal	direction.
The	symmetric	and	antisymmetric	beams	are	simply	supported	and	they	are	subjected	to	a	sinusoidal	load	 ,	as	shown	in	Fig.	3b.	For	these	support	conditions	only	three	degrees	of	freedoms	are	restrained:	
,	 and	 .	 The	 obtained	 results,	 expressed	 in	 non-dimensional	 form,	 are	 shown	 in	 Tables	 6	 and	 7	 for	 several	 values	 of	 length-to-thickness	 ratios	 ( ).	 Mid-span	 deflections	 and	 the	 normal	 (at
Fig.	7	Transverse	free	end	deflection	w	for	different	layer	sequence:	convergence	study	for	λ	=	5.
(47)
	 	 		 	 		 	 		 	
		 	 		 	 	 	
		 	
		 	
	 		 	 		 	 		 	 		 	 		 	
		 	
	 		 	 		 	 		 	
)	and	transverse	shear	at	 stresses	for	0°/90°	antisymmetric	laminated	beams	are	presented	in	Table	6;	and	mid-span	deflections	and	the	normal	(at	 )	and	transverse	shear	at	 stresses	for
0°/90°/0°	symmetric	laminated	beams	are	depicted	in	Table	7.	Results	in	Tables	6	and	7	are	compared	with	the	3D	elasticity	solution	by	Pagano	[46]	and	with	those	published	by	Vidal	and	Polit	 [40].	Even	though	the	3D	elasticity
solution	by	Pagano	was	developed	for	cylindrical	bending	of	an	infinitely	wide	plate,	the	solution	is	equally	applicable	to	beams	under	plane	strain.	These	tables	prove	again	the	good	performance	of	the	PRZ	p-FEM	model	for	transverse
deflections,	and	for	normal	and	transverse	stresses	 in	both	cases,	symmetric	and	antisymmetric	cross-ply	 laminates.	Results	are	 in	good	agreement	with	respect	 to	 the	reference	solutions	and	 it	 is	seen	from	these	tables	that	 the
element	performs	quite	well	for	thick	beams	as	well	as	thin	beams,	as	has	been	previously	remarked	(Section	5).
Table	6	Non-dimensional	displacements	and	stresses	of	antisymmetric	0°/90°	cross-ply	beam	under	sinusoidal	load	for	different	values	of	 .
4 6 8 10 20 40 100
Present	(PRZ) 4.5137 3.4687 3.1006 2.9298 2.7014 2.6442 2.6282
Ref.	[40] 4.5438 – – – 2.7036 2.6450 –
Ref.	[46] 4.7076 3.5600 3.1504 2.9596 2.7092 2.6462 2.6220
Present	(PRZ) 26.748 61.490 110.27 173.03 696.22 2789.2 17439.7
Ref.	[40] 31.8 – – – 703.6 2803.1 –
Ref.	[46] 30.0 65.382 114.18 176.95 699.7 2792.6 17443.7
Present	(PRZ) 2.8396 4.3315 5.8146 7.2926 14.653 29.341 73.378
Ref.	[40] 2.843 – – – 14.574 29.174 –
Ref.	[46] 2.706 4.2532 5.7528 7.2419 14.620 29.325 73.373
Table	7	Non-dimensional	displacements	and	stresses	of	symmetric	0°/90°/0°	cross-ply	beam	under	sinusoidal	load	for	different	values	of	 .
4 6 8 10 20 40 100
Present	(PRZ) 2.8031 1.5898 1.1329 0.9139 0.6134 0.5366 0.5150
Ref.	[40] 2.8027 – – – 0.6151 0.5371 –
Ref.	[46] 2.8899 1.6345 1.1598 0.9316 0.6185 0.5379 0.5139
Present	(PRZ) 16.195 29.968 48.138 71.097 260.59 1017.1 6311.97
Ref.	[40] 19.5 – – – 265.4 1024.4 –










Ref.	[46] 18.809 32.531 50.704 73.672 263.2 1019.7 6314.58
Present	(PRZ) 1.4358 2.3890 3.3255 4.2467 8.7530 17.644 44.207
Ref.	[40] 1.4202 – – – 8.6988 17.5400 –









shows	the	thickness	distribution	for	the	axial	displacement	at	sections	located	at	distances	 (Fig.	10a)	and	 (Fig.	10b)	from	the	clamped	end.	All	displacements	along	 axis,	both	transverse	and	axial,	and	in	the	last	case	also
along	the	thickness,	obtained	using	8	GS	enrichment	functions	for	each	kinematic	variable,	are	in	very	good	agreement	with	the	plane	stress	reference	solution.	Figs.	11	and	12	show	the	thickness	distribution	for	the	axial	stress	 at
the	clamped	section	and	the	center	of	the	beam,	respectively.	PRZ	results	agree	very	well	with	those	of	the	reference	solution	for	both	sections,	namely	at	 and	 .	Fig.	13	shows	the	thickness	distribution	for	the	transverse
shear	stress	 at	different	sections	(Fig.	13a,	at	 and	Fig.	13b	at	 ).	It	is	observed	that	the	proposed	approach	provide	an	accurate	estimate	of	the	average	transverse	shear	stress,	for	each	layer,	if	computed	from
the	constitutive	relations	(“Present-const”	 in	Fig.	13);	however,	 the	distribution	of	 the	shear	stress	can	be	computed	 from	the	equilibrium	equations	 (“Present-equil”	 in	Fig.	13)	 showing	an	excellent	agreement	with	 the	 reference
solution.
Fig.	10	Non	symmetric	(composite	C)	cantilever	thick	beam	( )	under	end	point	load.	Thickness	distribution	of	the	axial	displacement	(a)	at	 and	(b)	at	 .		 	 		 	 		 	
		 	 		 	 		 	
	 	
		 	 		 	
		 	 		 	 		 	
Fig.	11	Non	symmetric	(composite	C)	cantilever	thick	beam	( )	under	end	point	load.	Thickness	distribution	of	the	axial	stress	 at	 .
Annotations:
A1. 	sigma	xx	(Please	add	another	x	as	a	subscript)	









Fig.	12	Non	symmetric	(composite	C)	cantilever	thick	beam	( )	under	end	point	load.	Thickness	distribution	of	the	axial	stress	 at	 .
Annotations:
A1. 	sigma	xx.	Please	add	another	x	as	a	subscript	
		 	 		 	 		 	
Fig.	13	Non	symmetric	(composite	C)	cantilever	thick	beam	( )	under	end	point	load.	Thickness	distribution	of	transverse	shear	stress	 at	a)	 and	b)	 .		 	 		 	 		 	 		 	
		 	 		 	 	










Fig.	15	Simply	supported	thick	beam	(Composite	D)	 .	Thickness	distribution	of	axial	stress	 at	a)	 and	b)	 .		 	 		 	 		 	 		 	
Fig.	16	Simply	supported	thick	beam	(Composite	D)	 .	Thickness	distribution	of	transverse	shear	stress	 at	a)	 and	b)	 .		 	 		 	 		 	 		 	
		 	 		 	







programing	 the	Pagano	3D	 solution	 [46],	which	 can	be	 certainly	 determined	 in	 this	 case.	 The	 thick	 laminated	beam	 is	made	 of	 two	 layers,	with	 length-to-thickness	 ratio	 .	 The	 remaining	 geometrical	 and




h[mm] 14 0.01 6
E[Mpa] 0.073E+05 2.19E+05 2.19E+05
G[Mpa] 0.029E+05 Model 8.76E+04
Table	9	Shear	modulus	G2	in	MPa,	for	the	interface	layer	for	delamination	analysis.
Model G2 Model G2 Model G2
1 8.76E+004 5 8.76E+000 9 8.76E−004
2 8.76E+003 6 8.76E−001 10 8.76E−005
3 8.76E+002 7 8.76E−002 11 8.76E−006
4 8.76E+001 8 8.76E−003 12 8.76E−007
Fig.	 17	 shows	 the	mid	 span	 deflection	 of	 the	 laminated	 beam	 for	Models	 1	 to	 12,	 i.e.	 as	 a	 function	 of	 the	 shear	 transverse	modulus	 of	 the	 interface,	 obtained	with	 the	 present	 PRZ	 element	 and	 10	GS
enrichment	polynomials.	In	the	same	figure	results	obtained	applying	the	3D	Pagano	solution	have	been	included.	Same	interesting	features	are	highlighted;	first	the	mid-span	deflection	does	not	significantly	change
for	models	1–5	and	them	for	models	8–11	and	second,	as	a	logical	conclusion,	the	main	rigidity	global	beam	changes	occurs	when	the	shear	transverse	modulus	G2	varies	between	8.76E−001	MPa	and	8.76E−004	MPa.




Fig.	18	shows	the	thickness	distribution	of	the	axial	stresses	 ,	at	 ,	 for	six	decreasing	values	of	shear	modulus	designed	by	the	corresponding	models:	1,	3,	6,	7,	9,	12.	The	 jump	of	the	normal
stresses	 at	 the	 interface	 layer	 due	 to	 delamination	 is	well	 captured	by	 the	 PRZ	 element.	 Theses	 stresses	 at	 the	 interface	 layer	 remains	 stationary	 after	 a	 reduction	 of	 the	material	 properties	 of	 six	 orders	 of
magnitude.	It	is	important	to	note	the	excellent	concordance	with	the	3D	solution	that	has	been	obtained	applying	the	Pagano	solution	[46].
Fig.	19	shows	the	thickness	distribution	of	the	transverse	shear	stresses	 ,	at	 ,	for	the	same	six	decreasing	values	of	shear	modulus	designed	by	the	corresponding	models:	1,	3,	6,	7,	9,	12.	The	shear
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Fig.	18	Delamination	study	in	2-layered	simply-supported	thick	beam	under	sinusoidal	load.	Thickness	distribution	of	normal	axial	stresses	at	x	=	L/4	for	decreasing	shear	modulus	G2	form	models	1,	3,	6,	7,	9	and	12.	(3D	obtained	after	Pagano	[46]).










locking,	but	also	requires	a	 few	hierarchical	Gram-Schmidt	polynomials	 for	 the	same	 level	of	accuracy.	As	a	 further	matter,	 to	verify	 the	results,	 the	order	of	 the	approximation	can	be	selectively	 increased.	This
operation	is	carried	out	very	efficiently	because	it	is	not	necessary	to	generate	a	new	mesh	and	because	the	new	linear	stiffness	matrix	contains	the	preceding	ones.	The	possibility	of	this	new	element	to	consider
delamination	effects	has	been	clearly	demonstrated.	On	the	other	side,	the	hierarchical	finite	element	proposed	allows	to	take	into	account	all	coupling	effects	in	an	efficient	and	unified	procedure.	For	this	reason,	the
developed	PRZ	element	can	be	applied	to	the	analysis	of	laminated	beam	with	functionally	graded	materials	or	damage	profile	at	laminar	levels,	and	it	is	currently	studied	by	the	authors.
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